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Connecting the result from a
probability experiment to a theoretical
explanation for it is an excellent way of
developing learners’ understanding of

chance, says Colin Foster

Young people often enjoy doing probability experiments, but sometimes the results
are just taken as empirical facts without any explanation. In this lesson, learners carry
out an experiment and then try to explain their results theoretically.

PROBABILITY
EXPERIMENT AND
TRYTO ACCOUNT
FOR THE RESULTS

STARTER ACTIVITY ¥

Q: I have a container of lolly sticks
here. Each lolly stick has one of your
names on it and there is one lolly
stick for every learner in the room. |
am going to choose who is going to
answer each question in today’s
lesson by picking a lolly stick out of
the cup. Here is the first question:
When | pick out a lolly stick and
someone answers a question, do
you think | should put the stick back
in the cup or not? Why?

Felen

It may be that you already have this
or a similar system operating in your
classroom, or you might just be using
it for today’s lesson. This question
gives learners the opportunity to
think about the purpose of such a
system. You could use the lolly sticks
to ask three or four learners for their
opinions.

If you don’t put the lolly sticks back,
then the order in which the learners
are chosen is random, but who is
going to be next is increasingly
predictable as the number of sticks
left in the cup decreases. So the
element of surprise diminishes as you

go on. Eventually you will run out
of sticks and have to put them all
back in. On the other hand, if
you put the sticks back as you
go, there is complete uncertainty
over who will be asked each
question, but you could end up
picking the same person many
times and missing out someone
else altogether.

Q: In this lesson, | am going to
put the sticks back in the
container each time. How many
questions do you think | would
need to ask before everyone
has answered at least one
question? Talk about it with the
person next to you.

This is quite a complicated
question, so it may take learners
a few minutes to work out what
you are asking. They may initially
think it is just the same as the
number of people in the class,
but that would be the right
answer if the sticks did not go
back in the container. Given that
they do, that number is almost
certainly too low, unless the
teacher is very lucky. Learners
might realise that, in principle, it
could take infinitely long,
because, although it is unlikely, a
certain learner’s lolly stick might
never be picked!

You could use the lolly sticks to
ask three or four more people
what they think about this, and
to describe what they discussed
in pairs, before the main
activities below.
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P Experiment

Q: How could we work out how
many questions are needed
before everyone has answered
at least one?

There may be all sorts of
theoretical arguments given, but
eventually someone will suggest
‘Try it", and you could ask
learners to describe exactly how
they will carry out the
experiment. They could work in
pairs and have a class list to tick
off against each name when they
pull out the appropriate lolly stick.
However, it might be more
sensible to begin with fewer lolly
sticks - maybe just 3 or 4 to start
with. If learners can establish a
pattern and understand what is
going on, maybe they won’t have
to simulate with the whole class,
which would take a long time.

Different groups of learners
could try different ‘class sizes’
and collect their results into a
table on the board. They could
try their ‘class size’ several times
and find the mean of their results.

The theoretical answers (correct
to 1 decimal place) are given in
the table below, but learners’
results might well be quite
different from these:

SUBSCRIBE AT TEACHSECONDARY.COM

mean number of
questions needed

class size before everyone has
answered at least one

1 10
2 30
3 55
4 83
5 1.4
6 147
7 18.2
8 217
9 255
10 293
n 332
12 372
13 M3
14 455
15 49.8
16 541
17 58.5
18 62.9
19 674
20 720
21 76.6
22 812
23 85.9
24 90.6
25 95.4
26 100.2
27 1051
28 10.0
29 14.9
30 19.8

Learners may be surprised at
how many questions are needed
— for a class of 30 learners, four
times that many questions are
required!

' Theory

Q: What did you find out? Were
you surprised? Why? Can you
think of a way of calculating
these numbers exactly, without
having to do experiments?

This is hard. One way to think
about it is to start with small
classes. For a class of 1learner, it
should be obvious that they will
have to answer the first question!
With 2 learners it is not quite so
easy to see that the answer is 3,
not 2. One of the 2 learners will
have to answer the first question,
but then they each have a 50%
chance of being asked the
second question, so on average
it will take two more questions
before both of them have
answered at least one question.
If learners don’t believe this
answer, they should try throwing
an ordinary coin until both heads

HOME LEARNING

and tails have turned up at least
once. An ordinary coin is
equivalent to a class size of 2, and
on average it will take 3 throws.

An ordinary die is equivalent to a
class size of 6. On the first throw,
you are guaranteed to get a
number that you haven’t had yet.
Then you are throwing to get one
of the 5 remaining numbers that
you haven't had yet, with a
probability of 5/6 each time, so on
average it will take you 6/5 throws
before that happens. Then you
have to throw for the third number
that you haven't had yet, with
probability 4/6 each throw, and so
on average it will take you 6/4
throws to get that one, and so on.
So the total number of throws
needed to get all 6 numbers at
least once will be 1+ 6/5 + 6/4 +
6/3 + 6/2 + 6/1=14.7 exactly (not
rounded). (You can think of the 1 at
the start as 6/6 to complete the
pattern.)

Learners could try to explain this
reasoning to one another, but it is
difficult to get!

Learners could estimate the number of questions that the teacher
typically asks per lesson, so as to convert their answer into an

average number of lessons (or days/weeks) that they might have
to wait before being asked a question. Maybe they have different
suggestions for systems of classroom question asking?
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+ ADDITIONAL
RESOURCES

+A RELATED PROBLEM THAT LEARNERS
MIGHT FIND INTERESTING IS THE
‘BIRTHDAY PROBLEM/PARADOX’, WHICH
ASKS HOW MANY RANDOM PEOPLE YOU
NEED TO HAVE IN A ROOM FOR THERE TO
BE A MORE THAN 50% CHANCE THAT TWO
OF THEM WILL HAVE THE SAME BIRTHDAY.
THE ANSWER IS SURPRISING — ONLY 23
PEOPLE (THE NUMBER ON A FOOTBALL
FIELD DURING A MATCH). SEE
TINYURL.COM/TSLOLLY

+ STRETCH THEM
FURTHER

+ LEARNERS ARE LIKELY TO FIND
CALCULATING (OR EVEN
UNDERSTANDING) A THEORETICAL
ANSWER VERY DIFFICULT, SO THE LESSON
AS DESCRIBED SHOULD BE STRETCHING
FOR ALL LEARNERS. THIS SCENARIO IS
EQUIVALENT TO THE SO-CALLED
‘COUPON-COLLECTING PROBLEM’, IN
WHICH SEVERAL DIFFERENT
COLLECTABLE ITEMS COME AT RANDOM
IN BOXES OF BREAKFAST CEREAL, AND
SOMEBODY KEEPS BUYING THE BOXES
UNTIL THEY HAVE COLLECTED ALL THE
DIFFERENT ITEMS. CONFIDENT LEARNERS
COULD TRY TO INVENT OTHER
SITUATIONS THAT ARE EQUIVALENT TO
THIS PROBLEM.

+ ABOUT
THE EXPERT

'MATHEMATICAL ASSOCIATION

+ JOIN THE MA

SUMMARY Colin‘Foster'is‘a Senior

Research Fellow in

You could conclude the lesson with a plenary in which mathematics educationiin
learners talk about what they have learned about the School of Education at
probability. They may have noticed that it takes very little the University of

time to get questions to the first few different learners but Nottingham. He has written
much longer to reach the last few. Depending on how many books and articles for
many learners you have in your class, they might have mathematics teachers
found that it will take over 100 questions on average (www.foster77.co.uk).

www.m-a.org.uk. before they have all had the opportunity to answer one.
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